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Abstract We study the gravitation effects on a static and
spherically symmetric spacetime due to the vacuum expec-
tation value (VEV) of a Kalb–Ramond field. The Kalb–
Ramond VEV is a background tensor field which produces a
local Lorentz symmetry breaking (LSB) of spacetime. Con-
sidering a non-minimal coupling between the Kalb–Ramond
(VEV) and the Ricci tensor, we obtain an exact parameter-
dependent power-law modified black hole. For a particular
choice of the LSB parameter, the Lorentz violation produces
a solution similar to the Reissner–Nordstrom, despite the
absence of charge. The near-horizon geometry is modified by
including a new inner horizon and shifting the Schwarzschild
horizon. Asymptotically, the usual Minkowski spacetime
with a background tensor field is recovered. The vacuum
configurations are studied considering the energy conditions
and the Lorentz violating source properties. By means of the
mercury perihelion test, an upper bound to the local Lorentz
violation (LV) is obtained, and its corresponding effects on
the black hole temperature is investigated.
1 Introduction
The search for reminiscent quantum gravity effects at low
energy regime has attracted attention over the last decades.
Some models in string theory [1–3], Very special relativity [4,
5], Doubly special relativity [6], noncommutative spacetime
[7], Horava gravity [8] and Loop quantum gravity [9,10]
among other, assume that the Lorentz symmetry might be
broken in the gravitational UV regime.
A mechanism for the local Lorentz violating is provided
by a spontaneous symmetry breaking potential due to self-
interacting tensor fields [1–3,11]. The vacuum expectation
value (VEV) of these tensor fields yields to background ten-
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sor fields, which by coupling to the Standard Model (SM)
fields violate the particle local Lorentz symmetry [11].
The simplest self-interacting tensor field is a vector field,
the so-called bumblebee [11,12] whose VEV defines a privi-
leged direction in spacetime. In flat spacetime, the bumblebee
fluctuations over the VEV have two massless modes, known
as the Nambu–Goldstone modes and one massive or Higgs
mode [12,13]. In cosmology, the effects of the bumblebee
field on the universe expansion were analysed [14]. In addi-
tion, static and spherically solutions were obtained consider-
ing a localized source and non-minimal couplings between
the Ricci tensor and the VEV vector. Imposing a constancy
on the squared norm of the VEV vector, the authors found a
modified black hole solution keeping invariant the event hori-
zon [15]. By assuming a covariant constant VEV, the authors
found a black hole solution with an interesting modified event
horizon [16]. A vacuum Kerr-like solution was also found in
Bumblebee gravity [19,20]. The bumblebee vacuum vector
also allows exotic solutions, such as the wormhole solutions
[17,18]. The effects of the modified geometry due to the
bumblebee VEV on the black hole thermodynamics proper-
ties were considered in Ref. [35].
In this work, we consider that the Lorentz symmetry
breaking (LSB) is driven by a self-interacting antisymmet-
ric 2-tensor, Bμν , the so-called Kalb–Ramond (KR) field
[21]. Likewise the graviton and dilaton, the Kalb–Ramond
field, arises in the spectrum of the bosonic string theory [21].
Assuming that the potential V has a nonzero vacuum expec-
tation value bμν , such antisymmetric background tensor can
be decomposed in two spacelike vectors and one timelike
vector, resembling the electromagnetic tensor Fμν decompo-
sition [22]. We are interested in modifications to spherically
symmetric black holes driven by the Lorentz violating KR
VEV. In a Lorentz invariant theory, the Kalb–Ramond field
minimally coupled to gravity yields to an axion hairy black
hole that deforms the event horizon into a naked singularity
[24].
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Here we assume a spacelike Kalb–Ramond with constant
squared norm VEV and non-minimally coupled with the
Ricci tensor. As a result, we found an exact spherically sym-
metric and static modified black hole solution. In addition
to the Schwarszchield 1/r solution, we obtained a power-
law correction of form Υ/r2λ, where λ and Υ are Lorentz
violating (LV) parameters.
The work is organized as the following. In Sect. 2,
we present a short review on the spontaneous symme-
try breaking mechanism for the Lorentz symmetry driven
by the Kalb–Ramond field. Moreover, we define the non-
minimal coupling between the KR VEV and the Ricci ten-
sor, and we choose the vacuum configuration. In Sect. 3
we obtain an exact solution for the modified Einstein equa-
tion found in Sect. 2. By varying the parameter λ, we anal-
yse the modifications on the event horizon, relating them
to known solutions, such as the charged black hole and
the Schwarszchild–De Sitter solution. The vacuum con-
figurations are analysed considering the behaviour of the
LV source with respect to the energy conditions and the
asymptotic properties of the source. In addition, the effects
of this modified geometry on the black hole thermody-
namics is obtained by means of the tunneling method. In
Sect. 4, the modified gravitational potential is obtained, and
an upper bound for the Lorentz violating parameter Υ is
obtained using the precession period of Mercury as a test.
Finally, in Sect. 5, final comments and perspectives are out-
lined. Throughout the text, we adopt the metric signature
(−,+,+,+).
2 The Kalb–Ramond model for spontaneous Lorentz
symmetry breaking
In this section, we present the Kalb–Ramond VEV and spec-
ify the coupling of this background field with gravity.
The Kalb–Ramond field is a tensorial field arising from
the bosonic spectrum of string theory [21]. It can be repre-
sented by a 2-form potential B2 = 12 Bμνdxμ ∧ dxν whose
field strength is given by H3 = d B2, or Hλμν ≡ ∂[λBμν] in
coordinates.
Inspired in the gravitational sector of the SME, we con-
sider a self-interacting potential for the Kalb–Ramond field
[22]. Assuming a potential of form V = V (Bμν Bμν ±
bμνbμν) with a non-vanishing (VEV) < Bμν >= bμν
which defines a background tensor field, the Lorentz sym-
metry is spontaneously broken by the Kalb–Ramond self-
interaction. Note that the dependence of the potential on
Bμν Bμν is required in order to maintain the theory invari-
ant upon observer local Lorentz transformations. Further, the
potential breaks the gauge invariance B2 → B2+dΛ1, where
Λ1 is an arbitrary 1-form [22].
Let us consider the action for a self-interacting Kalb–
Ramond field non-minimal coupled with gravity in the form
[22]
S nonminK R =
∫
e d4x
[
R
2κ
− 1
12
Hλμν Hλμν
− V (Bμν Bμν ± bμνbμν)
+ 1
2κ
(
ξ2 Bλν Bμ ν Rλμ + ξ3 Bμν Bμν R
)]
,
(1)
where ξ2 and ξ3 are non-minimal coupling constants (with
dimensions [ξ ]=L2), e is the metric determinant and κ =
8πG is the gravitational coupling constant. Note that the
non-minimal coupling enables a derivative interaction of the
metric with the KR VEV.
Since we are interested in the effects of the background
Kalb–Ramond VEV on the gravitational field, we consider
the KR field in its vacuum configuration, i.e., Bμν Bμν =
bμνbμν . In flat spacetimes, the Lorentz violating VEV bμν
is considered constant, e.g., ∂ρbμν = 0 [22]. That condition
yields to a constant norm b2 = ημνηαβbμαbνβ and allows to
define Lorentz violating coefficients throughout the space-
time using bμν [22]. Furthermore, a constant bμν yields to
a vanishing KR field strength H3 = db2 [22]. Thus, in flat
spacetime the VEV KR is assumed to the a constant tensor
with vanishing Hamiltonian. In curved spacetimes, a straight-
forward extension can be obtained assuming that ∇ρbμν = 0
[16]. Such condition guarantees that the KR field strength and
the corresponding Hamiltonian vanish [16]. Another covari-
ant definition of the KR VEV is furnished by assuming that
bμν has constant norm b2 = bμνbμν [15]. That condition is
equivalent to bμν∇ρbμν = 0 and ensures a vanishing poten-
tial [15]. In this work we assume that the KR VEV bμν has
a constant norm and a vanishing Hamiltonian.
As performed in the Ref. [22], we use the antisymmetry
of bμν to rewrite it as bμν = E˜[μvν] +μναβvα B˜β , where the
background vectors E˜μ and B˜μ can be interpreted as pseudo-
electric and pseudo-magnetic fields, respectively, and vμ is
a timelike 4-vector. The pseudo-fields E˜μ and B˜μ are space-
like, i.e., E˜μvμ = B˜μvμ = 0. Thus, the KB VEV yields
two background vector instead of only one produced by the
bumblebee VEV [15,16]. Moreover, the decomposition of
the KR VEV in pseudo-electric and pseudo-magnetic fields
is interesting since the static and modified black hole solution
we find in next section has one configuration resembling a
charged black hole.
In this work, we consider a pseudo-electric configuration
of form
b2 = −E˜(x1) dx0 ∧ dx1. (2)
The KR VEV ansatz in Eq. (2) can be rewritten as b2 = d A˜1,
where A˜1 = A˜0(x1)dx0 can be interpreted as a pseudo-
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vector potential and E˜ = −∂1 A0. Since db2 = 0, the VEV
has a vanishing field strength H3 and then a vanishing Hamil-
tonian. The function E˜(x1) = −b01 will be determined by
the condition b2 constant in the next section.
The constancy of b2 turns the Lagrangian term ξ3 Bμν Bμν R
into ξ3b2 R, which can be absorbed into a redefinition of vari-
ables. Thus, by varying Eq. 1 with respect to the metric, the
modified Einstein equations are
Gμν = κT ξ2μν, (3)
with Gμν = Rμν − 12 Rgμν and
T ξ2μν =
ξ2
κ
[
1
2
gμν Bαγ Bβ γ Rαβ − Bα μBβ ν Rαβ
− Bαβ Bμβ Rνα − Bαβ Bνβ Rμα
+ 1
2
Dα Dμ(Bνβ Bαβ) + 12 Dα Dν(Bμβ B
αβ)
− 1
2
D2(Bα μBαν) − 12 gμν Dα Dβ(B
αγ Bβ γ )
]
. (4)
Therefore, the non-minimal coupling yields to a source mod-
ifying the field equation by new derivative terms. In the next
section, we seek modifications of the spherically symmetric
spacetime.
3 Spherically symmetric solutions of Kalb–Ramond
black-hole
We consider a static and spherically symmetric vacuum
spacetime solution. One thus adopts the metric, as given by
the line element,
ds2 = −A(r)dt2 + B(r)dr2 + r2dθ2 + r2 sin2 θdφ2. (5)
The KR VEV ansatz takes the form b2 = −E˜(r)dt ∧ dr ,
where btr = −E˜ . Since b2 = gμαgνβbμνbαβ , the Kalb–
Ramond VEV ansatz given by Eq. (2) has a constant norm
b2 with the metric (5), provided that
E˜(r) = |b|
√
A(r)B(r)
2
(6)
where b is a constant. Note that the function E(r) in Eq.
(6) defines a background radial pseudo-electric static field
E˜μ = (0, E˜, 0, 0), consistent with the spheric and static
spacetime symmetry. Indeed, the background vector E˜μ is
orthogonal to both the timelike tμ = (∂/∂t)μ and spacelike
ψμ = (∂/∂φ)μ Killing vectors responsible for the static and
spheric symmetries [16].
Rewriting the modified Einstein Eq. (3) as
Rμν = ξ2
[
gμνbαγ bβ γ Rαβ − bα μbβ ν Rαβ
− bαβbμβ Rνα − bαβbνβ Rμα + 12 Dα Dμ(bνβb
αβ)
+ 1
2
Dα Dν(bμβbαβ) − 14 D
2(bα μbαν)
]
, (7)
and using the metric ansatz (5), we obtain the system of
equations(
1 − λ
2
)
Rtt = 0 (8)
(
1 − λ
2
)
Rrr = 0 (9)
Rθθ = λr
2
2
(
Rtt
A(r)
− Rrr
B(r)
)
. (10)
Rφφ = sin2 θ Rθθ , (11)
where λ := |b|2ξ2. Since the components of Ricci tensor are
Rtt = A
′′
2B
− A
′
4B
(
A′
A
+ B
′
B
)
+ A
′
r B
,
Rrr = − A
′′
2A
+ A
′
4A
(
A′
A
+ B
′
B
)
+ B
′
r B
, (12)
Rθθ = 1 − 1B −
r
2B
(
A′
A
− B
′
B
)
, (13)
then Eqs. (8) and (9) yields to
A(r) = 1
B(r)
, (14)
for λ = 2. Substituting the constraint Eq. (14) in Eq. (10)
yields to the equation
r2λ
2
A′′ + (λ + 1)r A′ + A − 1 = 0, (15)
whose solution is
A(r) = 1 − Rs
r
+ Υ
r
2
λ
, (16)
where Rs = 2G M is the usual Schwarzschild radius and
Υ is a constant (with dimensions [Υ ]=L 2λ ) that controls the
Lorentz violation effects upon the Schwarszchild solution.
Therefore, the Lorentz violation trigged by the Kalb–
Ramond VEV produces a power-law hairy black hole of form
ds2 = −
[
1 − Rs
r
+ Υ
r
2
λ
]
dt2
+
[
1 − Rs
r
+ Υ
r
2
λ
]−1
dr2 + r2dθ2 + r2 sin2 θdφ2.
(17)
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The modified black hole solution (17) has two Lorentz
violating parameters, λ and Υ . The former has a defini-
tion λ = |b|2ξ2 in terms of the norm of the VEV and the
coupling constant ξ2, whilst the latter appears as a integra-
tion constant. For a given Υ in the limit λ → 0, i.e., for
|b|2 → 0 or ξ2 → 0, we recover the usual Schwarzschild
metric, as expected. A finite λ reflects a relation between
the VEV and the coupling constant, in the form b2 = λ
ξ2
.
Indeed, since the Lorentz violating effects on the gravita-
tional field are supposed to be small, it is expected that
the coupling constant to be small, as well. On the other
hand, the Lorentz violating is expected to occur near the
Planck scale and then, the VEV b2 which triggers the
Lorentz violating couplings can also be expected to be of
same magnitude. Accordingly, a spontaneous breaking vio-
lation of the Lorentz symmetry enables both a large VEV
and a small coupling constant as possible configurations.
Unlike the mass, there is no Newtonian analogue to deter-
mine Υ . In this work, we explore the properties of modified
black holes for different λ configurations and by studying
some effects due to the LV we estimate some upper bounds
for Υ .
In addition, the Kretschmann scalar has the form
Rαβμν Rαβμν = 12R
2
s
r6
−
8r
2
λ
+1 RsΥ
(
1 + 3
λ
+ 2
λ2
)
r
4
λ r6
+
4Υ 2
(
1 + 5
λ2
+ 4
λ3
+ 4
λ4
)
r
4
λ r4
, (18)
and then, the LV modifications can not vanish by a coor-
dinate change. In fact, the LBS solution Eq. (17) differs
from the the Lorentz invariant KR solution [24] and from
the LSB bumblebee black hole solutions in Ref. [15] and
Ref. [16].
An interesting result occurs for λ = |b|2ξ2 = −1. In
this case, A(r) = 1 − Rs
r
+ Υ r2, which is similar to
the Schwarzchild-de Sitter (SdS) solution. Thus, the back-
ground LV Kalb–Ramond vev can be interpreted as a source
for the cosmological constant Λ. The small value of the
LV coefficient Υ provides a tiny cosmological constant, as
observed.
For λ = 1, the black hole geometry (17) resembles
the charged Reissner-Nordstrom solution [25,26]. However,
using solution (17), the pseudo-electric field is actually con-
stant E(r) = |b|√
2
and radial. This result is consistent with the
asymptotic flat spacetime with a spacelike LV background
field. Nevertheless, a constant electric field is inconsistent
with a field created by a localized charge. Therefore, Υ can
not be identified with a charge and it represents a LV hair of
the black hole.
3.1 Horizons
The modified black hole solution Eq. (17) has a true singu-
larity at r = 0 given by the divergence of the Kretschmann
scalar (18). Nevertheless, such singularity is surrounded by
a modified event horizon, thereby satisfying the cosmic cen-
sorship conjecture.
Once we have obtained the black hole solution (17), we
can find the event horizons by assuming A(r) = 0 in (16),
leading to
r
2
λ − Rsr 2λ−1 + Υ = 0. (19)
Note that in the local Lorentz invariant regime, i.e., for λ → 0
or Υ → 0 we obtain only one horizon, r = Rs . Since Eq.
(19) can not be solved exactly for an arbitrary λ, we assume
some values for λ and study how the KR VEV modifies the
event horizons for those configurations.
For λ = 1 there are two horizons given by
r± = Rs2
(
1 ±
√
1 − 4Υ
R2s
)
. (20)
Assuming Υ 	 R2s , the two horizons have the form
r+ ≈ Rs − ΥRs −
Υ 2
R3s
, (21)
r− ≈ ΥRs +
Υ 2
R3s
, (22)
where limRs→∞ r+ = ∞ and limRs→∞ r− = 0. Therefore,
the LV produces a new inner horizon r− and reduces the outer
(Schwarzschild) horizon by r+ = Rs − r−. That property
differs the LSB KR black hole from the bumblebee black hole
found in Ref. [15] whose (Schwarzschild) horizon is kept
unchanged. In Ref. [16] the authors found a LBS bumblebee
black hole with only one modified horizon.
The structure of the LBS KR event horizon is rather dif-
ferent from the Lorentz invariant axion-KR solution [24]. In
fact, the KR field turns the event horizon into a naked singu-
larity [24], whereas the LBS KR modifies and produces new
horizons.
By increasing the power which the LV term decays, the
correction of the horizons decreases. For λ = 23 there are
three roots in Eq. (19), but only one real root. For the physical
solution the changes in the usual Schwarzschild radius has
the form
rh ≈ Rs + O
(
Υ 2
R6s
)
. (23)
Since no sign of Lorentz violation was found up to date,
the LV parameter Υ is supposed to be small compared to a
power of Rs . In the next section we establish an upper bound
to Υ by considering the effects of the modified geometry of
this LSB black hole on test particles.
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3.2 Energy conditions
Once we studied the geometric properties of the solution
(17), let us analyse the features of the KR VEV viewed as
the source for the modified Einstein equation. Assuming that
the stress-energy tensor (4) has an anisotropic fluid form
(T μ ν)ξ2 = (−ρ, p1, p2, p3), where ρ is the energy density
and the pi are the pressures, the source satisfies
ρ =
(
2
λ
− 1
)
Υ
r
2
λ
+2 , (24)
and the following equations of state:
p1 = −ρ, (25)
p2 = p3 = ρ2 , (26)
Thus, a radial KR VEV yields to an anisotropic source. For
λ → 0 both the energy density and the anisotropic pressures
vanish, as expected for the Lorentz invariant regime.
For Υ ≥ 0 and λ in the interval 0 < λ ≤ 2, the energy
density and pressure components satisfy ρ ≥ 0, p1 ≤ 0
and ρ + ∑ pi ≥ 0 and then, the weak and strong energy
conditions hold [27]. As λ → 0 the source vanishes keep-
ing the energy conditions valid. For λ = 2 the LV source
has vanishing components, regardless the value of Υ . There-
fore, the solution for λ = 1 resembling a charged black hole
satisfies the energy conditions above. Yet, unlike the elec-
tromagnetic field, the KR VEV has a non-vanishing trace
ρ + ∑ pi = ρ ≥ 0.
For λ ≤ 0 the weak and strong energy conditions are
satisfied provided that Υ ≤ 0. Therefore, the solution for
λ = −1 satisfies the energy conditions above only for a
negative cosmological constant. Nonetheless, the analogy
between the AdS-Schwarzschild and the λ = −1 can not
be further extended since the KR VEV has an anisotropic
source.
In spite of the KR VEV (6) has a vanishing Hamiltonian,
the stress energy tensor (T μ ν)ξ2 (4) has non-vanishing com-
ponents due to the non-minimal coupling to the Ricci tensor.
Therefore, (T μ ν)ξ2 represents the Lorentz violating modi-
fications on the Einstein equation. The components in Eqs.
(24), (25) and (26) show that the geometry modifications, for
0 < λ ≤ 2 and Υ ≥ 0 fall off as we go far from the black
hole. For λ > 2 the modifications are still localized near the
black hole, though the KR VEV violates the weak energy
condition.
The change on the behaviour of the LV black hole (17)
from λ = 1 to λ = −1 reflects the shift on the source
expressed by Eqs. (24), (25) and (26). Upon this change
the energy density and pressures violates the weak energy
condition and they turn out to be constant throughout space-
time. Accordingly, the LV parameters λ and Υ determine the
source phases and the corresponding equation of state. The
gravitational phase transition is a common feature of mod-
ified gravitational theories, notably in in Lorentz violating
theories [17] and in higher derivative gravities [28,29]
3.3 Temperature
In order to obtain the Hawking temperature for the black
hole characterized by the metric (17), we will employ the
Hamilton-Jacobi formalism to the tunneling approach [30–
34]. In this method, the event horizon is treated as a potential
barrier such that the particles created near the horizon can
escape from the black hole through quantum tunneling. The
method consists of computing the probability of tunneling.
For this, we will consider only events near the horizon and
radial trajectories, such that we can solve this in t − r plane.
We consider the scalar perturbation from a massive scalar
field φ around a black hole background. The equation of
motion of this perturbation is the Klein–Gordon equation

2gμν∇μ∇νφ − m2φ = 0, (27)
where m is the mass associated with the field φ.
For a spherically-symmetric metric in Eq. (5) we obtain
the following result after spherical harmonics decomposition
− ∂2t φ + Λ∂2r φ +
1
2
∂rΛ∂rφ − m
2
2
A(r)φ = 0, (28)
where Λ = A(r)B−1(r).
By interpreting the field φ as a semi-classical wave func-
tion associated with the particles created in the black hole,
we can solve the Eq. (28) through the WKB method which
consists of using the following ansatz [30–34]
φ(t, r) = exp
[
− i

I (t, r)
]
. (29)
Expanding (29) for the lowest order in , one has
(∂tI )
2 − Λ(∂rI )2 − m2 A(r) = 0, (30)
such that the Eq. (30) is the Hamilton–Jacobi equation with
I playing the role of relativistic action. Since the metric Eq.
(5) is stationary, we will look for particle-like solutions of
(30) in the form [30–34]
I (t, r) = −ωt + W (r), (31)
where the ω is a constant of motion which can be interpreted
as the energy of the emitted radiation. Putting the solution
(31) in the Eq. (30) we obtain the following differential equa-
tion for the spatial part of the action:
(
W ′
)2 = ω2 − m2 A(r)
(A(r))2
, (32)
where the prime denotes derivative with respect to the radial
coordinate. Also, we are using the relation A(r) = B−1(r)
123
  335 Page 6 of 9 Eur. Phys. J. C           (2020) 80:335 
(see Eq. (14)). A straightforward integration yields
W (r) = ±
∫ r dr ′
A(r ′)
√
ω2 − m2 A(r ′), (33)
The + and − signs represent outgoing and ingoing particle
solutions, respectively. Since we are interested in particles
emitting radiation when crossing the event horizon, let us
looking at the outgoing solution. Now, we take the approxi-
mation of the function A(r) near the event horizon r+,
A(r) = A(r+) + A′(r+)(r − r+) + · · · , (34)
and the Eq. (33) takes the form
W =
∫ +∞
0
dr
A′(r+)
√
ω2 − m2 A′(r+)(r − r+)
(r − r+) , (35)
in which the limits of integration were chosen so that the
particle crosses the horizon r = r+.
To proceed, we need to evaluate the last integral which
has a simple pole at r = r+. If we choose the prescription for
the pole r − r+ → r − r+ − i, the residue theorem yields
W = 2π iω
A′(r+)
+ (real contribution). (36)
The tunneling probability of a particle escape of the black
hole is given by [30–34]
Γ ∼ exp(−2 (I )) = exp
[
− 4πω
A′(r+)
]
, (37)
where we note that I = W .
Comparing Eq. (37) with the Boltzmann factor e−ω/T , we
obtain the Hawking temperature of the black hole:
TH = ω2 (I ) =
A′(r+)
4π
. (38)
In our case, the radius of the horizon is given by (20), and
the above results provide
TH =
Rs
(√
R2s − 4Υ + Rs
)
− 4Υ
π
(√
R2s − 4Υ + Rs
)3 , (39)
where we assume λ = 1. As we can see, in the limit Υ →
0, we recover the usual Schwarzschild temperature for the
classical black hole (Ts = 1/4π Rs , assuming that Rs =
2G M is the Schwarzschild radius).
It is convenient to write the Hawking temperature for small
values of Υ (Υ 	 R2s ). This approximation leads to a tem-
perature
TH ≈ 14π Rs −
Υ 2
4π R5s
. (40)
Note that the first term on the right in Eq. (40) is the Hawk-
ing temperature for Schwarzschild black hole. The second
term represents the leading order correction due to LSB and
implies that the LSB KR black hole obtained in this work
is colder than the Schwarzschild black hole. This interest-
ing feature could be considered an observational discrepancy
between LSB and LI black holes and had been obtained for
the bumblebee [35] and the regular [36] black holes.
4 Classical effects
In this section we study the effects of the Kalb–Ramond LBS
black hole solution Eq. (17) on massive classical test particle.
We consider only the gravitational effects upon the particle
and neglect the coupling between the particle and the back-
ground KR VEV.
For a massive particle, the 4-velocity uμ = dxμdτ satisfies
gμν(x)uμuν = −1. (41)
Despite the presence of a LSB KB field, the static and radial
VEV configuration in Eq. (2) preserves the time and isotropic
symmetries of the black hole. Thus, the timelike Killing vec-
tor tμ = ( ∂
∂t
)
and the spacelike Killing vector ψμ =
(
∂
∂φ
)
provide two constants of motions, namely
E =
(
1 − Rs
r
+ Υ
r
2
λ
)
dt
dτ
, (42)
L = r2 dφ
dτ
, (43)
which for massive particles they are the conserved energy and
angular momentum per unit mass of the particle, respectively.
In terms of the energy in (42) and of the angular momen-
tum (43), the constrain (41) can be rewritten as
E
2
= 1
2
(
dr
dτ
)2
+ Vef f (r), (44)
where the effective potential Vef f is given by
Vef f (r) = 12 −
Rs
2r
+ L
2
2r2
− L
2 Rs
2r3
+ Υ
2r
2
λ
+ L
2Υ
2r
2
λ
+2 . (45)
Accordingly, the LSB geometry induces power-law short-
range forces whose strength depends on the LV parameter.
Note that for λ → 0 the LV pontential corrections vanish.
4.1 Perihelion precession
Let us now study the modifications driven by the LSB geom-
etry on the bound orbits. In special, we consider the effects
upon the advance of the perihelion and find an upper bound
for the LV parameter.
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By considering drdτ = drdφ Lr2 and setting x = r−1, the
constrain in Eq. (44) leads to the following equation
d2x
dφ2
+ x = Rs
2L2
+ 3Rs
2
x2 − Υ
λL2
x
2
λ
−1
−
(
1
λ
+ 1
)
Υ x
2
λ
+1 (46)
Let us analyse the modifications on Eq. (46) due to the LBS.
For a fixed Υ , as λ → 0 the corrections vanish provided that
0 < x 	 1, i.e., for r  Rs . Thus, the corrections on bound
orbits external to the black hole are small, as expected. In
addition, two interesting configurations are given by λ = 1
and λ = 2/3. The former yields to a LV correction in the
linear term of Eq. (46) and a cubic term , whereas the latter
generates a modification into quadratic term of Eq. (46) and
a further quartic term.
Now consider the Eq. (46) for λ = 1 The ratio of the first
two terms on the right-hand side of the Eq. (46) is small (of
the order of 10−7 for the case of Mercury). The cubic term
would make this ratio even smaller, since Υ is presumably
small. Then, defining the parameter χ = 3R2s4L2 and neglecting
the cubic term, the (46) takes the form
d2x
dφ2
+
(
1 + Υ
L2
)
x = Rs
2L2
+ χ
(
2L2
Rs
)
x2. (47)
Let us look for a perturbed solution of form x = x0 + χx1
where x0 is the Newtonian solution and χx1 is a small devi-
ation. Neglecting the second order terms for the parameter
χ , we obtain the following equation
d2x0
dφ2
+
(
1 + Υ
L2
)
x0 − Rs2L2
+ χ
(
d2x1
dφ2
+
(
1 + Υ
L2
)
x1 − 2L
2
Rs
x20
)
= 0. (48)
The zeroth-order solution x0 is given by
x0 = Rs2L2(1 + ΥL2 )
(
1 + e cos(
√
1 + Υ
L2
φ)
)
, (49)
where e is the eccentricity of an ellipse and the first-order
solution is
x1 = Rs
2L2
(
1 + ΥL2
)2
⎡
⎣ 1 + e2
2
(
1 + ΥL2
)
+ e√
1 + ΥL2
φ sin
(√
1 + Υ
L2
φ
)
− e
2
6(1 + ΥL2 )
cos
(
2
√
1 + Υ
L2
φ
)]
. (50)
which for these three terms obtained only e√
1+ Υ
L2
φ sin
(
√
1 + ΥL2 φ) is important in the correction of x0, since it
accumulates over successive orbits, i.e., after each revolu-
tion it gets larger and larger, unlike the other two terms.
Thus, the general solution has the form
x ≈ Rs
2L2(1 + ΥL2 )
[
1 + e cos[(1 − β)
√
1 + Υ
L2
φ]
]
, (51)
where
β = 3R
2
s
4L2(1 + ΥL2 )
3
2
. (52)
Therefore, the orbit period with the LV correction that will
be given by
Φ = 2π + ΔΦG R + ΔΦLV , (53)
where ΔΦG R = 3π Rs(1−e2)a is GR correction with a being the
semi-major axis of the orbital ellipse .
The contribution of the Lorentz violation of the model is
given by
ΔΦλ=1LV = −
2πΥ
Rs(1 − e2)a (54)
Similarly, we can perform the same analysis for λ = 2/3
which contributes with a quadratic correction due to LV. Like-
wise the λ = 1 configuration, we disregard the quartic term
due to its small contribution and we consider only the cor-
rection on the quadratic term. Accordingly, we find that the
correction in the period is given by
ΔΦ
λ=2/3
LV = −
6πΥ
Rs(1 − e2)2 a2 , (55)
which is smaller than the λ = 1 correction. Indeed, that
effects is expected since the greater 2
λ
is the less is the LV
correction upon the Schwarzschild solution, for a fixed Υ .
Therefore, we expect that the higher is 2
λ
, the lower its con-
tribution to the gravitational corrections.
The correction Eq. (54) allow us to estimate an upper
bound for the Lorentz violation parameter Υ from the per-
ihelion shifts for the orbit of the planet Mercury. In fact,
as predicted by general relativity, the perihelion advance
ΔΦG R = 42.9814′′/C (in arcseconds per century) and the
observational error is e = 0.003′′/C , according to the most
up to date observations found in Refs. [37,38]. Thus, we
obtained Υλ=1 < 2.8 × 10−3km2. For a small astrophysical
black hole with ten times the solar mass, the shift in the event
horizon is of order
Υ λ=1
(Rs)2
≈ 2.0 × 10−6. (56)
It is worthwhile to mention that for λ = 1 the LV parameter
Υ has mass dimension M2. The relativaly large value of Υ
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for λ = 1 suggests that LBS modifications are suppressed by
smaller values of λ.
5 Final remarks and perspectives
In this work, we obtained a spherically symmetric and static
solution of gravity non-minimally coupled to a VEV of the
Kalb–Ramond field. The self-interaction potential breaks the
KR gauge invariance and produces a VEV background tensor
field which violates the local Lorentz symmetry.
The vacuum background tensor was chosen in order to
vanish the self-interaction potential and the Kalb–Ramond
hamiltonian. Further, the VEV is perpendicular to the time-
like and spacelike Killing vectors and then, the Lorentz vio-
lation preserves the static and spheric symmetries of the
gravitational vacuum. By assuming a non-minimal coupling
between the KR VEV and the Ricci tensor, we found a power-
law correction to the Schwarzschild solution. The black hole
solution has two parameters controlling the Lorentz viola-
tion, λ and Υ . For λ = 1, the LSB solution exhibits two
horizons, likewise a charged black hole. Since no charge
or angular momentum is present, the solution represents a
Lorentz violating hairy black hole. The analysis of the equa-
tion of the state and the energy conditions of the Lorentz
violating source reveals that the weak energy condition is
valid for 0 ≤ λ ≤ 2 and Υ > 0.
The radius of the outer horizon is the Schwarzschild radius
minus the inner horizon. For λ = −1 the LSB solution
resembles a Schwarzschild-Anti-De Sitter black hole, with
the Lorentz symmetry parameter Υ being proportional to the
cosmological constant. However, such analogy is not com-
plete due the anisotropic source. Further, for Υ < 0 the
source violates the weak energy condition. The higher is the
λ the lower is the correction to the horizon radius and then,
we focus on the λ = 1 configuration for the sake of simplic-
ity. It is worthwhile to mention that, unlike the LSB black
holes generated by the bumblebee field, the KR LSB solu-
tion found not only modifies the usual Schwarzschild event
horizon but also produces additional horizons.
The Lorentz violation also modifies the black hole tem-
perature. We employed the tunneling method to derive the
Berkenstein–Hawking (BH) temperature. It turns out that
the Lorentz violating parameter Υ reduces the BH tempera-
ture by a term proportional to Υ 2. Similar results were also
obtained in other modified black holes, such as the LSB bum-
blebee [35] and the regular black hole [36].
At the classical level, the LSB solution found yields to an
additional gravitational potential whose power depends on
the Lorentz violating parameter λ. For λ = 1, we obtained
an upper bound for the LV parameter Υ by studying the cor-
rection of the precession period of the planet Mercury. From
this bound, we can estimate that for a peculiar black hole with
ten times the solar mass, the shift in the outer event horizon
is about 20 mm compared to 30 km of the Schwarzschild
radius. The scale of the upper bound we found suggests that
the LV gravitational effects are suppressed by higher pow-
ers, i.e., for smaller λ. Thus, the precesssion period analysis
restricts λ to 0 < λ 	 1. A numerical analysis to obtain the
temperature and the period correction for an arbitrary λ is an
important perspective to achieve a better bounds for λ and
Υ .
As possible extensions of the present work, we point out
the stability analysis of the solution found by considering
the corrections due to fluctuations of the KR field around the
VEV. The analysis for magnetic-monopole KR VEV config-
urations, such as b2 = B˜(r)r2 sin θdθ ∧ dφ, could exhibits
a lower power-law correction. Further, other non-trivial KR
VEV with non-vanishing hamiltonian might provide richer
solutions. Moreover, wormhole and regular solutions can also
be found. The effects of a coupling between the KR field and
the Riemann tensor is another important development.The
phase transition analysis by means of the black hole thermo-
dynamics is another noteworthy prospect.
Acknowledgements The authors thank the Conselho Nacional de
Desenvolvimento Científico e Tecnológico (CNPq), Grants no 312356/
2017-0 (JEGS), no 305678/2015-9 (RVM) and no 308638/2015-8
(CASA) for financial support.
Data Availability Statement This manuscript has associated data in a
data repository. [Authors’ comment: The article “Modified Black hole
solutions with a background Kalb Ramond field”, https://doi.org/10.
1140/epjc/s10052-020-7902-1 has no data associated in a data reposi-
tory. Only a draft version is public available on arXiv:1911.10296 [gr-
qc].]
Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3.
References
1. V.A. Kostelecký, S. Samuel, Phys. Rev. D 39, 683 (1989)
2. V.A. Kostelecký, S. Samuel, Phys. Rev. Lett. 63, 224 (1989)
3. V.A. Kostelecký, S. Samuel, Phys. Rev. Lett. 66, 1811 (1991)
4. A.G. Cohen, S.L. Glashow, Phys. Rev. Lett. 97, 021601 (2006)
5. R.V. Maluf, J.E.G. Silva, W.T. Cruz, C.A.S. Almeida, Phys. Lett.
B 738, 341 (2014)
6. J. Magueijo, L. Smolin, Phys. Rev. Lett. 88, 190403 (2002)
123
Eur. Phys. J. C           (2020) 80:335 Page 9 of 9   335 
7. S.M. Carroll, J.A. Harvey, V.A. Kostelecký, C.D. Lane, T.
Okamoto, Phys. Rev. Lett. 87, 141601 (2001)
8. P. Horˇava, Phys. Rev. D 79, 084008 (2009)
9. J. Alfaro, H.A. Morales-Tecotl, L.F. Urrutia, Phys. Rev. Lett. 84,
2318 (2000)
10. J. Alfaro, H.A. Morales-Tecotl, L.F. Urrutia, Phys. Rev. D 65,
103509 (2002)
11. V.Alan Kostelecký, Phys. Rev. D 69, 105009 (2004)
12. R. Bluhm, V.A. Kostelecký, Phys. Rev. D 71, 065008 (2005)
13. R.V. Maluf, J.E.G. Silva, C.A.S. Almeida, Phys. Lett. B 749, 304
(2015)
14. D. Capelo, J. Páramos, Phys. Rev. D 91(10), 104007 (2015)
15. R. Casana, A. Cavalcante, F.P. Poulis, E.B. Santos, Phys. Rev. D
97, 104001 (2018)
16. O. Bertolami, J. Páramos, Phys. Rev. D 72, 04400 (2005)
17. A. Övgün, K. Jusufi, I˙ . Sakallı, Phys. Rev. D 99(2), 024042 (2019)
18. R. Oliveira, D.M. Dantas, V. Santos, C.A.S. Almeida, Class. Quan-
tam Gravity 36(10), 105013 (2019)
19. C. Ding, C. Liu, R. Casana, A. Cavalcante, Eur. Phys. J. C 80(3),
178 (2020)
20. Z. Li, A. Övgün, Phys. Rev. D 101(2), 024040 (2020)
21. M. Kalb, P. Ramond, Phys. Rev. D 9, 2273 (1974)
22. Brett Altschul, Quentin G. Bailey, V.Alan Kostelecký, Phys. Rev.
D 81, 065028 (2010)
23. R.V. Maluf, A.A. Araújo Filho, W.T. Cruz, C.A.S. Almeida, EPL
124(6), 61001 (2018)
24. W.F. Kao, W.B. Dai, S.Y. Wang, T.K. Chyi, S.Y. Lin, Phys. Rev. D
53, 2244 (1996)
25. H. Reissner, Ann. Physik 50, 106–120 (1916)
26. G. Nordstrom, Proc. Kon. Ned. Akad. 20, 1238–1245 (1918)
27. R.M. Wald, General Relativity (University of Chicago Press,
Chicago, 1984)
28. B. Gupt, P. Singh, Phys. Rev. D 89(6), 063520 (2014)
29. T.K. Dey, S. Mukherji, S. Mukhopadhyay, S. Sarkar, JHEP 0704,
014 (2007)
30. K. Srinivasan, T. Padmanabhan, Phys. Rev. D 60, 024007 (1999)
31. Marco Angheben, Mario Nadalini, Luciano Vanzo, Sergio Zerbini,
JHEP 05, 014 (2005)
32. Ryan Kerner, R.B. Mann, Phys. Rev. D 73, 104010 (2006)
33. P. Mitra, Phys. Lett. B 648, 240–242 (2007)
34. Emil T. Akhmedov, Valeria Akhmedova, Douglas Singleton, Phys.
Lett. B 642, 124–128 (2006)
35. S. Kanzi, I˙ . Sakallı, Nucl. Phys. B 946, 114703 (2019)
36. R.V. Maluf, J.C.S. Neves, Phys. Rev. D 97(10), 104015 (2018)
37. N.P. Pitjev, E.V. Pitjeva, Astron. Lett. 39, 141 (2013)
38. N.P. Pitjev, E.V. Pitjeva, Mon. Not. R. Astron. Soc. 432, 3431
(2013)
123
